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Abstract. Let X he a, space of homogeneous type in the sense of Coifman and Weiss 
and V a coUection of baUs in X. The authors introduce the locahzed atomic Hardy 
space Hip'^{X) with p G (0, 1] and q G [l,oo] n (p, oo], the locahzed Morrey-Campanato 
space £!^'^{X) and the locahzed Morrey-Campanato-BLO space £!^'^{X) with a e R 
and p G (0,oo) and establish their basic properties including HJ^'^{X) = H^^{X) and 
several equivalent characterizations for £^'^{X) and S^'^{X). Especially, the authors 
prove that when a > and p G [1, oo), then £^'^{X) = £^'^{X) — Lipj5(a; X), and 

when p £ (0, 1], then the dual space of H^°°{X) is £^^^ ^{^)- Let p be an admissible 
function modeled on the known auxiliary function determined by the Schrodinger oper- 
ator. Denote the spaces £!^'^{X) and respectively, by £p-'P{X) and £p'P{X), 
when T) is determined by p. The authors then obtain the boundedness from £p-'P{X) to 

£p'P{X) of the radial and the Poisson semigroup maximal functions and the Littlewood- 
Paley (/-function which are defined via kernels modeled on the semigroup generated by 
the Schrodinger operator. These results apply in a wide range of settings, for instance, 
to the Schrodinger operator or the degenerate Schrodinger operator on M'*, or the sub- 
Laplace Schrodinger operator on Heisenberg groups or connected and simply connected 
nilpotent Lie groups. 

1 Introduction 

The theory of Morrey-Campanato spaces plays an important role in harmonic analysis 
and partial differential equations; see, for example, [1, 27, 28, 29, 25, 19, 17, 18, 5] and 
their references. It is well-known that the dual space of the Hardy space HP{M.'^) with 
p G (0, 1) is the Morrey-Campanato space £^^p~^'^{M'^). Notice that Morrey-Campanato 
spaces on M'^ are essentially related to the Laplacian A, where A = Yl'j=i '§^- 

On the other hand, there exists an increasing interest on the study of Schrodinger oper- 
ators on and the sub-Laplace Schrodinger operators on connected and simply connected 
nilpotent Lie groups with nonnegative potentials satisfying the reverse Holder inequahty; 
see, for example, [10, 34, 24, 20, 6, 9, 21, 33, 16]. Let £ = -A 1/ be the Schrodinger 
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operator on W^, where the potential F is a nonnegative locally integrable function. De- 
note by Bq{M.'^) the class of functions satisfying the reverse Holder inequality of order q. 
For V € with d > 3, Dziubahski et al [6, 7, 9] studied the BMO-type space 

BMO£(M'^) and the Hardy space H^{W^) with p G {d/{d + !),!] and, especially, proved 
that the dual space of H^{M.'^) is BM0£(1R'^). Moreover, they obtained the boundedness 
on these spaces of the variants of several classical operators, including the radial maximal 
function and the Littlewood-Paley (/-function associated to C. Recently, Huang and Liu 
[16] further proved that the dual space of H^(R.'^) is certain Morrey-Campanato space. 
Let X be an RD-space in [12], which means that X is a space of homogeneous type in the 
sense of Coifman and Weiss [3, 4] with the additional property that a reverse doubling 
condition holds. Let p be a given admissible function modeled on the known auxiliary 
function determined hy V <E B,i/20^'^') (sec [33] or (2.3) below). Then the localized Hardy 
space Hp(X), the BMO-type space BMOp{X) and the BLO-type space BLOp{X) were 
introduced and studied by the authors of this paper in [33, 32]. Moreover, the bounded- 
ness from BMOp(^) to BLOp{X) of several maximal operators and the Littlewood-Paley 
g'-function, which are defined via kernels modeled on the semigroup generated by the 
Schrodinger operator, was obtained in [32]. 

The first purpose of this paper is to investigate behaviors of these operators on localized 
Morrey-Campanato spaces on metric measure spaces. To be precise, let ^ be a space of 
homogeneous type, which is not necessary to be an RD-space, and P be a collection of 
balls in X. In Section 2 of this paper, we first introduce the localized atomic Hardy 
space Hjj'^{X) with p G (0,1] and q e [l,oo] PI {p,oo], the localized Morrey-Campanato 
space £j~,' {X) and the localized Morrey-Campanato-BLO space ^^'''iX) with a G M and 
p £ (0, oo), and establish their basic properties including H^^'^(X) = H^°°{X) and several 
equivalent characterizations for £!^'-^{X) and £^'^{X). Especially, we prove that when 
a > and p G [1, oo), then £!^'^{X) = £'^^{X) = Lip23(Q;; X), and when p G (0, 1], then 

the dual space of H^'^iX) is £]i'^ ^'^{X) (see Theorem 2.1 below). Let p be a given 
admissible function. Modeled on the semigroup generated by the Schrodinger operator, 
in Sections 3 and 4 of this paper, we introduced the radial maximal operators T"*" and 
and Littlewood-Paley g-function g{-). Then we establish the boundedness of T"*" and 
P+ from £p'^{X) to £p'^{X) (see Theorems 3.1 and 3.2 below). Here, for the set V 
determined by p, we denote £^^{X) and £^^{X), respectively, by £p'^{X) and £p'^{X). 
Moreover, under the assumption that (/-function g{-) is bounded on LP(X) withp G (1, oo), 
we prove that for every / G £p'^{X), then [g{f)]'^ G £^°'''^^'^{X) with norm no more than 
C||/||^a,p, , where C is a positive constant independent of / (sec Theorem 4.1 below). 

As a simple corollary of this, we obtain the boundedness of g{-) from £p'''(X) to £p'^{X). 
Notice that £p'^{X) = BMOp(;f) and £p'^iX) = BLOp{X) when p G [l,oo). Thus, the 
results in this section when a = and X is an RD-space were already obtained in [32]. 

Finally, as the second purpose of this paper, in Section 5 of this paper, we apply results 
obtained in Sections 3 and 4 of this paper, respectively, to the Schrodinger operator or the 
degenerate Schrodinger operator on W^, the sub-Laplace Schrodinger operator on Heisen- 
berg groups or on connected and simply connected nilpotent Lie groups (see Propositions 
5.1 through 5.5 below). The nonnegative potentials of these Schrodinger operators are 
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assumed to satisfy the reverse Holder inequality. 

We now make some conventions. Throughout this paper, we always use C to denote 
a positive constant that is independent of the main parameters involved but whose value 
may differ from line to line. Constants with subscripts, such as Ci and Ai, do not change 
in different occurrences. If / < Cg, we then write / < or 5 > /; and if / 9 /, we 
then write f ^ g. For any given "normed" spaces A and B, the symbol A C B means that 
for all f £ A, then f & B and ||/||i3 ^ ||/||^- We also use B to denote a ball of X, and 
for A > 0, Ai? denotes the ball with the same center as B, but radius A times the radius 
of B. Moreover, set B^ = X \ B. Also, for any set E C X, xe denotes its characteristic 
function. For all / G L\^^ (X) and balls B, we always set /b = f{y) d^{y). 

2 Localized Morrey-Campanato and Hardy spaces 

This section is divided into two subsections. In Subsection 2.1, we introduce the lo- 
calized spaces £^^{X) and £^^{X) with a G M and p G (0,oo), we then establish the 
relations of these localized spaces with their corresponding global versions and prove that 
for all a G [0, 00) and G (1, 00), £^^{X) = £!^'^{X) and £!^'^{X) = £^ ^{X). In Subsec- 
tion 2.2, we introduce the localized space Hj^'^{X) with p G (0, 1] and q G [1, 00] n {p, 00], 
and show that H^^^X) = HP^'^iX) and the dual space of HP;°°{X) is £^^~^''^{X). 

2.1 Localized Morrey-Campanato spaces 

We first recall the notion of spaces of homogeneous type in [3, 4]. 

Definition 2.1 Let {X, d) be a metric space endowed with a regular Borel measure /x 
such that all balls defined by d have finite and positive measure. For any x e X and 

r G (0,00), set the ball B{x,r) = {y £ X : d{x,y) < r}. The triple {X, d, fi) is called a 
space of homogeneous type if there exists a constant Ai G [l,oo) such that for all x G ^ 
and r G (0, 00), 

(2.1) ii(B{x,2r)) < Aiii(B{x,r)) {doubling property). 

Prom (2.1), it is not difficult to see that there exists positive constants A2 and n such 
that for all X G -I", r G (0, 00) and A G [1, 00), 



In what follows, we always set Vr{x) = ii{B{x, r)) and V{x, y) = fj,{B(x, d{x, y))) for 
all x, y £ X and r G (0, co). 

Definition 2.2 ([33]) A positive function p on A" is said to be admissible if there exist 
positive constants Cq and ko such that for all x, y & X, 



M(S(x,Ar))<^2AXB(x,r)). 



(2.2) 
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Obviously, if p is a constant function, then p is admissible. Moreover, let xq & X he 
fixed. The function p(y) = (1 + d{xQ, y))^ for all y G ^ with s G (— oo, 1) also satisfies 
Definition 2.2 with ko = s/{l — s) when s € [0, 1) and fco = ~s when s G (— oo, 0). Another 
non-trivial class of admissible functions is given by the well-known reverse Holder class 
Bq{X,d, n), which is written as Bq{X) for simplicity. Recall that a nonnegative potential 
V is said to be in Bq{X) with q G (1, oo] if there exists a positive constant C such that 
for all balls 5 of A", 



with the usual modification made when q = oo. It is known that if y G i3q{X) for certain 
q G (1, oo], then V is an A^{X) weight in the sense of Muckenhoupt, and also V G Bq+^{X) 
for some e G (0, oo); see, for example, [25] and [26]. Thus Bq{X) = Uq^yqBq^{X). For all 
V G Bq{X) with certain q G (1, oo] and all x ^ X, set 

(2.3) p(x) = [m(a;,y)]-^ = supir>0: [ V{y)dy<l\; 

[ fJ-{^[X, r)) JB{x,r) J 

see, for example, [24] and also [33]. It was also proved in [33] that p in (2.3) is an admissible 
function if n > 1, g > max{l, n/2} and V G Bq{X). 

We now recall the notion of Morrey-Campanato spaces and introduce the definitions 
of Morrey-Campanato-BLO space and their localized versions. 

Definition 2.3 Let a G M and p G (0, oo). 

(i) A function / G LF^^^ {X) is said to be in the Morrey-Campanato space £'^'P{X) if 

where the supremum is taken over all balls B C X and /b = ^j^^ f{z) dp{z). 

(ii) A function / G LF^^^ {X) is said to be in the Morrey-Campanato-BLO space £°''P{X) 

if 

1 /(y)- essinf/ dp{y)\ < oo. 



£~"-W-s{[^(i?)]i+pa 



where the supremum is taken over all balls B d X. 

(iii) Let a G (0, oo). A function / on is said to be in the Lipschitz space Lip(a; X) 
if there exists a nonnegative constant C such that for all x, y ^ X and balls B containing 
X and y, 

\f{x)-f{y)\<C[p{B)r. 

The minimal nonnegative constant C as above is called the norm of / in Lip(a; X) and 
denoted by || / 1| Lip(a; A") • 
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Remark 2.1 (i) The space £°'''p{X) was first introduced by Campanato in [1] when X 

is a bounded subset of and /i is the d-dimensional Lebesgue measure. When a = 0, 
£^''P{X) is just the space BMO^(A') (the space of functions of bounded mean oscillation), 
and £^'P{X) with p G [l,oo) coincides with BMO^(A:'); see [4]. For simplicity, we denote 
BMO^{X) by BUqiX). 

(ii) The space £^''p{X) is just the space BhO^{X) (the space of functions of bounded 
lower oscillation). By (i) of this remark and the fact that BLO"'^(A') C BMO(A'), it is easy 
to see that £'^'P{X) with p G [l,oo) coincides with BLO^(A:'). For simplicity, we denote 
BLO^(-Y) by BLO(-Y). Recall that BLO(A') and £'^'P{X) are not linear spaces. The space 
BLO(]R'') was first introduced by Coifman and Rochberg [2] and £°''P(W'') was introduced 
in [14]. 

(iii) When a G M and £ G [l,oo), £'''P{X) C £'^^p{X). Moreover, when a G (0, oo) 
and p G [l,oo), we have £°^'P{X) = £'^'P{X) = Lip(a; X) with equivalent norms. In 
fact, Macfas and Segovia [22] proved that when a G (0, oo) and p G [l,oo), £°''P{X) = 
Lip(a; X). On the other hand, for ah / G £'^'P{X) and balls B, 

l+pa 



[/(y) - essinf /]fd/.(y) < / esssup|/(y) - fix^df^iy) < Wffu^^^. MB)] 
■s Jb xeB '^'^ ' ' 

which implies that < ||/|| Lip(a;;t) ~ ll/IU-..^- Thus, £^'P{X) c £^'PiX) and 

the claim holds. 

Definition 2.4 Let P be a collection of balls in ^, p G (0, oo) and a G R. Denote by B 
any ball of X. 

(i) A function / G -L^^^ {X) is said to be in the localized Morrey-Campanato space 

eS'm it 

where fB = j^JB /(^) M^)- 

(ii) A function / G L^^^ {X) is said to be in the localized Morrey-Campanato-BLO 
space £^'^{X) if 



(iii) Let a G (0, oo). A function / on is said to be in the localized Lipschitz space 
Lipp(a; X) if there exists a nonnegative constant C such that for all x, y E X and balls 
B containing x and y with B ^V, 

\f{x)-f{y)\<C[f^{Br, 
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and that for all balls B eV, ||/||loo(5) < C[/x(B)]". The minimal nonnegative constant C 
as above is called the norm of / in Lipj){a; X) and denoted by ||/|| Lip^(a; A")- 

Remark 2.2 (i) When a = and ^? G [l,oo), we denote £^^{X) by BMO^(A') and 
mAO\^{X) by BMOv{X). And we also denote £^^{X) by BLO^(A') and ^^{X) by 
'SLOx>{X). The localized BLO space was first introduced in [15] in the setting of 
endowed with a nondoubling measure. 

(ii) If X is the Euclidean space and V = {B{x, r) : r > 1, a; G W^}, then BMOi,(A') 
is just the localized BMO space of Goldberg [11], and Lip;p(Q;; X) with a G (0, 1) is just 
the inhomogeneous Lipschitz space (see also [11]). 

(iii) For all a G M and p G (0,oo), S^^{X) C S^^{X) C ^"•P(;f). For a G (0, oo), 
Lip23(a; X) C Lip(Q;; X). 

(iv) Let p be an admissible function and Vp = {B{x, r) : x ^ X , r > p{x)}. In this 
case, we denote S^^{X), E^^{X), Lipx,p(a; X), BM.ODp{X) and BhODp{X), respectively, 

by 8p'^{X), £p'^{X), Lippia; X), BMOp{X) and BLOp{X). In [32], the spaces BMOp{X) 
and BLOp{X) when X is an RD-space were introduced. 

The following results follow from Definitions 2.3 and 2.4. 

Lemma 2.1 Let T> be a collection of balls in X , p E [1, oo) and a G M. 

(i) Then f G S^'^iX) if and only if f e S'^^p{X) and sup^gp |/b|[/x(S)]-" < oo; 
moreover, 

ll/ll^-^'W ~ ll/lk-^W + sup UbMB)]-"- 

(ii) Then f G S^'^{X) if and only if f e S'^'P{X) and sup^eo |/B|[/i(5)]-" < oo; 
moreover, 

(iii) Let a G (0,oo). Then f G Lip-p(a; X) if and only if f & Lip(a; X) and 
suPB&v[KB)r°' < oo or supBgx, [/i(S)]"" < cc; moreover, 

\\f\\upT,{a;X)^ 11/11 Lip(a;;(^) + sup \\f\\L^(B)HB)]~" 

B&V 

-||/l|Lip(a;;t) + SUp \fBMB)]-". 

Bev 

Proof. We first prove (i). If / G S'^'PiX) and sup^eD \fB\[l^iB)]-°' < oo, from Defini- 
tions 2.3 and 2.4, it follows that 

(2.4) ll/llfS-W < nfk'^^n^) + sup IfsMB)]--. 

^ BeV 

Conversely, if / G £^'^{X), then by the Holder inequality, we have 

\\f\\£.,.^X) + sup |/b|[/x(5)]-" < + 2 sup IfBMB)]"' < 3||/||£«..(;,), 

BeV ^ B&V ^ 

which together with (2.4) gives (i). 

The proofs of (ii) and (iii) are similar. We omit the details, which completes the proof 
of Lemma 2.1. 
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Lemma 2.2 Let V be a collection of balls in X and p G [1, oo). 

(i) Then BMOv(X) = BMO^{X) and BLOv{X) = BLO^(A') with equivalent norms, 
(a) When a G (0, oo), £^'^{X) = S^'^{X) = Lipp(a; X) with equivalent norms. 

Proof. To prove (i), we first assume that / G BMOjy{X). Then by the Holder inequahty, 

we have / G BMOv{X) and ||/||bmOi,(A') < II/IIbmo-^CA")- Conversely, if / G BMOp(A'), 
then from Lemma 2.1 (i) with a = 0, Remark 2.1 (i) and Remark 2.2 (iii), it follows that 

1 1 <^ 1 1 BMO^ (A*) ^ ||/||BMOf(A-) + sup < ||/||bMOc(A-), 

which implies that / G BMO?,(A') and H/Ubmo^CA") < II/IIbmo^CA")- Thus BMOv{X) = 
BMO^{X) with equivalent norms. The proof for BhOx>(X) = BLO^(Af) is similar and 
we omit the details. 

To prove (ii), by Lemma 2.1 and Remark 2.1 (iii), we obtain 

S!i,'''{X) ~ \\f\\£-'P(X) + sup |/i?|[^(5)]"" 

e^,P(x) + sup I/bMB)]-" ~ \\f\\£^,p(x) 

K I -D \ I 

Lip(a;A^) + sup \j B\\li{B)Y'^ ~ ||/|| Lip^(a; A^), 

which implies (ii). This finishes the proof of Lemma 2.2. 

The space X is said to have the reverse doubling property if there exist constants 
K G (0,n] and Aj, G (0,1] such that for all x G A", r G (0, diam(A')/2] and A G 
[1, diam(^)/(2r)], 

(2.5) ^3AV(S(x, r)) < /i(5(x, Ar)). 

If (-Y,^, /x) satisfies the conditions (2.1) and (2.5), then (-Y,(i, ;u) is called an RD-space 
(see [12]). 

Lemma 2.3 Let X be an RD-space, p an admissible function on X and Vp as in Remark 
2.2 (iv). If a & (— oo, 0) and p G [1, oo), then 

i/p 



Proof. An application of the Holder inequality leads to that 



Conversely, if 5 G Pp, then by Definition 2.4 (i), we have 
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Now we assume that B = B{xo,r) ^ Vp. Let Jq G N such that 2"^o~V < p(xo) < 2''°r. 
Prom a G (— oo,0), (2.1), (2.5) and the Holder inequahty, it follows that 



< 



KB) 



\fix)-fB\^d^iix) 



l/p Jq 



Jo 



< I 1 + ^2^-^ 



< 



3=1 



which completes the proof of Lemma 2.3. 

Remark 2.3 Let X be an RD-space and p E [1, 00). 

(i) Then Lemma 2.3 implies that £p'^{X) with a G (— l/p, 0) coincides with the so- 
called Morrey space (see, for example, [27, 29] for the case X - 



(ii) Let a < 0. For all / > 0, / G £'^^{X) if and only if / G £^^{X) and moreover. 



S^'P{x)- f^ct, by Remark 2.2 (iii), we only need to show that for all 
/ > 0, / G £^^{X) implies that / G £^\X) and \\f\\s^,v^;,^ < WfWs-'^^xy By Lemma 
2.3, the fact that a < and / > 0, we see that for all balls B ^V, 



f{x) - essinf / 



' dii{x) < I [f{x)r dii{x) < [/x(5)] 

JB 



1+ap 



which implies the claim. 

(iii) If X is not an RD-space, it is not clear if Lemma 2.3 still holds. 

We also have the following conclusions which are used in Sections 3 and 4. 

Lemma 2.4 Let a G p G [l,oo), p he an admissible function on X and Dp as in 
Remark 2.2 (iv). Then there exists a positive constant C such that for all f G £p'^{X), 
(i) for all balls B = B{xo, r) Vp, 



^J^\f{z)\d^i{z)< 



c 



)an 
HB)Y 



a> 0, 



M5)75---^--^ ■ |^c(l + log^)KB)]"||/||g.,.(;,), a<0; 
(ii) for all X & X and < ri < r2, 



l/B(a;,r-i) " fB{x,r2) \ ^ ' 



ri 



CiB) HB{x,r,)r\\f\\,^..^;,), a>0, 



C(l + log ^) [/x(i?(x, ri)]"||/||£..P(;,), a < 0. 
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Proof. If (ii) holds, then by the Holder inequality, we see that for all / G £p'^{X) and 



X ~ Ib ^^^^^ ~ "^^^^"^ + fB{xo,p{xo)) 

\f{x)\dfi{x) 



1 



Ii{B{xq, p{xq))) Jb{xo,p{xo)) 

< {\piB)r + HBixo,pixo)W} + \fB - /b(.o,p(.o))| ■ 

Then (i) follows from this fact together with (2.1), r < p{xo) (because B ^ Vp) and (ii). 

To prove (ii), let jo be the smallest integer such that 2^°ri > r2- Another application 
of (2.1) leads to that 



/s(a;,2J0ri) fB{x,r2) 



< 



p{B{x, ^"Ti)) JB{x,2Wri) 
<[n{B{x,2K,))f\\f\\e^..^;,y 



f - fB(x,2nri) dll{z) 



Similarly, we see that for all j G N U {0}, 

|/B(a;,2^n) " /b(x, I ~ [/^ {^^ 2-'+Vi))]" 

Then we have 

io-i 

\fB{x,ri) - fB(x,r2)\ ^ X/ \ fB{x,Vri) ~ fB{x,2i+^ri) \ + fB{x,2^0rr) " fB{x,r2) 
3=0 

< ^[M(i?(x,2^ + Vl))n|/||£.,.(;,). 
3=0 

If a G (— oo, 0], from the choice of jo, we deduce that 

\fB(x,r^) - fBix,r2)\ < + i^s ^) n))]" ; 

if a G (0, oo), by (2.1), we obtain that 

(\ an 
[M(S(x,ri))]«||/||£«,.(;,). 

This finishes the proof of Lemma 2.4. 



2.2 Localized Hardy spaces 

We begin with the notion of atoms. 
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Definition 2.5 Let P be a collection of balls in X, p e (0, 1] and q G [1, oo] PI {p, oo]. 

(i) A function a supported in a ball B G X is called a (p, g)-atom if a{x) dpL{x) = 

and ||a|U,(;t.) < [^(S)]^/''-^/^ (see [4]). 

(ii) A function h supported in a ball B ^ V is called a {p, g)D-atom if ^ 

Remark 2.4 (i) Every (1, q)-atom or (1, q)x)-atom a belongs to L^{X) with ||a||Ll(;^:') < 1. 

(ii) Let p G (0, 1). If a is a (p, g)-atom, then a G (Lip(l/p — 1; X))* C (Lip25(l/p — 
\\ X))* and ||a||(Lip^(i/p_i.;t'))* < ||a||(Lip(i/p-i; a"))* < 1; if 6 is a (p, g)x)-atom, then 
h G (Lipp(l/p- 1; X)y and ||6||(Lip^(i/p_i.;t))* < 1. 

Definition 2.6 ([4]) Let p G (0, 1] and G [1,oo] n (p,oo]. A function / G I/H'^) o^' a 
linear functional / G (Lip(l/p — 1; X))* when p G (0, 1) is said to be in the Hardy space 
H^^'i{X) when p = 1 or in H^''^(^X) when p G (0, 1) if there exist (p, 5)-atonis {oj}^]^ 
and {Xj}'j^i C C such that / = J2j&n ''^j^ji which converges in L^{X) when p = 1 or in 
(Lip(l/j3 — 1; X))* when p G (0, 1), and l-^il^ ^ Moreover, the norm of / in 

HP^i{X) with p G (0, 1] is defined by 

\\f\\HP:<!{x) = i^M ( 
where the infimum is taken over all the above decompositions of /. 

Remark 2.5 Coifman and Weiss [4] proved that HP''^{X) and HP'°°{X) coincide with 

equivalent norms for all p G (0, 1] and q G [1, cxd) n (p, oo). Thus, for all p, q in this range, 
we denote HP''1(X) simply by Hf{X). We remark that Coifman and Weiss [4] also proved 
that the dual space of HP{X) is BMO{X) when p = 1 or Lip(l/p - 1; X) when p G (0, 1). 

Definition 2.7 Let V he & collection of balls in X , p ^ (0,1] and q G [l,oo] n {p,oo\. 
A function / G L^{X) or a linear functional / G (Lip23(l/p — 1; X))* when p G (0,1) 
is said to be in H^'^{X) when p = 1 or H^'^{X) when p G (0, 1) if there exist {AjjjgN, 
{^fejfeeN C C, (p, Q')-atoms {ajjjgN and (jp, g)x)-atoms {6fe}feeN such that 

which converges in L}{X) when p = 1 or in {lA-pj){l/p — 1; X))* when p G (0,1], and 
SjeN I'^jP + Sfe^i l^fel^ < Moreover, the norm of / in H^'^{X) is defined by 

||/||^.,.(;,)^inf j(5]|A,r + j;i^fc 

where the infimum is taken over all the above decompositions of /. 

Remark 2.6 Let p G (0,1] and q G [l,oo] fl (p,oo]. It is easy to see that HP'1{X) C 
H^^X). 
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Using Remark 2.6, we have the following conclusion. 

Lemma 2.5 Let V be a collection of balls in X , p ^ (0, 1] and q G [l,oo) n (p, oo). Then 
Hj^'^{X) = Hj^°°{X) with equivalent norms. 

Proof. Notice that (p, oo)-atoms and {p, oo)D-atoms are {p, g)-atoms and {p, g)D-atoms, 
respectively. Then from Definition 2.7, it follows that Hj^'^{X) C Hj^'^{X). 

Conversely, let / € H^'^{X). Then by Definition 2.7, there exist {Aj}jgN, {i'k\ken C C, 
(p, g)-atoms {ajjjgN ^^nd (p, g)x)-atoms {6^}^^^ such that 

/ = ^>^jaj + ^Vkbk, 

jen km 

which converges in L^{X) when p = 1 or in (Lipj5(l/p — 1; X))* when p G (0, 1], and 

(2.6) Ei^.-r + Ei-^i'^ii/ir^.-w 

jeN ken 



For A; G N, assume that suppbfe C e V and let Cfe = [bk — {bk)BuXBk]/'^- Then it 
follows from Definition 2.5 that there exists a positive constant C such that {Cck}ken are 
{p, g)-atoms, {{bk)BkXBk}ken are {p, oo)x)-atoms and bk = 2ck + {bk)BkXBk- Moreover, 

/ = XI ^^f^i + X] "^^^^^ + X ''k{h)BkXBk , 
jen ken 



which converges in L^{X) when p = 1 or in {Lip-jj{l/p — 1; X))* when p G (0, 1). By 
Remark 2.4 (ii) and (2.6), we see that "^j^^ ^-jO^j + 2 ^^.^j^j z/^Cfc also converges in L^{X) 
when p = 1 or in (Lip(l/p - 1; ;f))* when p G (0, 1). Let g = ^j^^Xjaj + '^^Y.ken^kCk- 
Then Definition 2.6 together with Remark 2.5 implies that g G HP''i{X) = HP'°^{X). 
Form this. Remark 2.6 and (2.6), we deduce that g G HP'^^iX) C H^°°{X) and 

1 1 511//!,'°° (A") ^ \\9\\hp^^(x) ^ ^ 
which further implies that / G iJ|,'°°(Af) and by (2.6), 



ken 

i/p 



UeN J 



This finishes the proof of Lemma 2.5. 



Remark 2.7 (i) Let P be a collection of balls in X, p £ (0, 1] and q G [1, oo] fl {p, oo]. In 
what follows, based on Lemma 2.5, we denote H^'^{X) simply by Hjj{X). 

(ii) Let L'^{X) be the set of all functions of L°°{X) with bounded support. Then 
from Definitions 2.6 and 2.7, it follows that L'^{X) n H^{X) is dense in H^{X) and 
L^{X) n HP{X) is dense in HP{X). 
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Theorem 2.1 Let V be a collection of balls in X and p G (0, 1]. Then ^'^{X) = 

{Him*- 

Proof. We first prove £^^~^'^{X) C {H!^°° {X))* for p G (0, 1]. Let / G £]i^~^'^{X). 
For all (p, oo)-atoins a supported in B ^V, by Definition 2.5 (i), we have 

f{x)a{x) dn{x] 



X 



< 



[fix) - fB\a{x)dn{x) 

5^/j/W-/Bl*(x)<||/||,., 



l/p-1,1 



{xy 



For all (p, oo)x)-atoms 6 supported in B G X*, we also obtain 
^ f{x)b{x) < ^^^^^yi, 1/(^)1 M^) < 



sl'--'-\xy 



Let AT G N and /tv = max{min{/, A^}, -N]. We claim that /at G f^^^^ ^' ^(Af) and 

9 

(2.7) Wf^W^uP-^^^^x) ^ -^\f\\e]/^-^'\xy 

In fact, if G P, then 



Let B (^V. For all /, /t G ^'^{X) and = max{/, h}, we have that = (/ + ^ + 
|/-/i|)/2and 

3 

Similarly, for all B^V, f,he £^^^~^'^{X) and 5 = min{/, h}, we have 

If h = N OT h= —N, then ||^||£:i/p-i, i(a') = 0- By these facts and the definition of /jv, we 
have that for all S ^ P, 

9 

\fN{x) - {fN)B\dlJ,{x) < -\\f\\^l/p-l,l, 
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which implies the claim. 

For all g G L^{X) n H^°°{X), since fg G L^{X), wc define i{g) = f{x)g{x) dn{x) 
and lN{g) = fN{x)g{x) dfi{x). Moreover, there exist {Xj}, {i^k}ke^ CI C, {p, oo)-atoms 
{ajljgN and {p, oo)D-atoms {bk}keN such that 

9 = ^ Xjaj + ^ Ukbk 
jeN feeN 

which converges in L^{X) when p = 1 or in {Lip-p{l/p — 1; X))* when p G (0, 1), and 



(2.8) 



jeN feeN 
By /at G and g G we have 



^Nig)=^ fN{x)\jaj{x)dn{x) + ^ 1 fN{x)ukbk{x)dn{x), 
from which together with (2.7), (2.8) and Remark 2.4 (ii), it follows that 



By this and the Lebesgue dominated theorem, we have 



N-^oo 



fN{x)g{x)dii{x] 



X 



< 



£'J''-''\x)\^S\\h^-'{X), 



which together with the density of L^{X) D H!^°°{X) in H^°°{X) (see Remark 2.7 (ii)) 
implies that £ G (H^'^iX))* and UW^h^^^^x))' < II/II^Vp-i, i.;,)- Thus, 



(2.9) 



We now prove that {H^\x))* C ' (A'). Let i G (F^' (A'))*. Since HP^'^{X) C 

i7|,'^(A'), then £ G {HP''^{X))* = S^/P-^''^{X) (see Remark 2.5 and Remark 2.1 (i) and 
(iii)). Hence there exists / G S^/p~^'^{X) such that for all constants C and g G L'^{X) 
satisfying that ^(a;) dfi{x) = and supp (5) is bounded, 

(2.10) iig)= I J{x)g{x)dii{x)= [ {f{x) + C)g{x)dfi{x), 

Jx Jx 

and ||/||£;i/p-i,2(^) < 11-^11 (ijP,2(;f))* < ll^ll(i^p> 2 (;!:•))*• We then need to choose a suitable 
constant C such that f = f + Ce £^^~^'^{X). 
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Observe that for all constants C, f + C e S^^P-^''^{X). Then by Lemma 2.1 (i), to 
show / G S^^^~^'^{X) and ||/||gi/p-i,2j-^^ < ^(A^))* ' suffices to show that for all 

Bev, 



(2.11) IfBMB)]'-'/' < 



To this end, for any B eV, let L^{B) = {/ G L^{X) : supp (/) C B} and L^B) = {/ G 
L^{B) : f{x) dfi{x) = 0}. Then for any g G L'^{B), the function c/[//(5)]i/2-i/p||^||-i^^^ 

is a (p, 2)x)-atom supported in B and 

which implies that £ G (L^(S))* = L'^{B). By this together with the Riesz repre- 
sentation theorem, there exists a function G L?'{B) such that for all g G L^{B), 
^i9) = lBf^i^)9{x)dn{x) and 

(2-12) ||/^IL.(5) < HB)]'^'-'/'m^Hri^)y- 

Moreover, from this fact and (2.10), wc deduce that for all g G Lq{B), f;^[f^{x) — 
f{x)]g{x) diJ,{x) = 0, which further implies that /-^ — / = in [Ll{B)]* . Recah that 
[Lq(S)]* = L^(B)/C (the space of functions / G L'^{B) modulo constant functions) and 
/ = in L'^(B)/C if and only if / is a constant (see [4, p. 633]). Using these facts, we have 
that — / is a constant Cb- 

Now it suffices to verify that for all balls 5 G P, we have Cb = Cs- Observe that g = 
{[lJ'{^B)]~^XlB ~ [l-''{h^)]~^Xls} ^ multiple of certain (p, 2)-atom, and [ij,{^B)]~^xib 
and fi{^S)]~^xis ^® multiplies of {p, 2)x)-atoms. Therefore, from the fact that — Cb = 
f = f^-Cs and (2.10), it follows that 



£{g) =i 

= / f^ix)xiBix)Mx) - -jr^ [ {x)x^s{x) dn{x) 

/^(2-°) Jb 2 Ml2'^) JS 2 

= / mg{x) dii{x) +Cb-Cs = £{g) + Cb- Cs, 
Jbus 

which implies that Cb = Cs- Denote the constant as above by C and define f = f + C. 
Then by this, (2.12) and the Holder inequality, we have that for all B eV, 

UbMb)]'-'^" = i(/^)b|[/x(s)]i-vp < m^^^^.^^^y. 

This implies (2.11), from which and Lemma 2.1 (i), we further deduce that / G ^'^(X) 
and < ¥\\iH^^\x)r- Thus, {H'^{A:)y C S^^-^'^X), which together with 

Lemma 2.2 and (2.9) then completes the proof of Theorem 2.1. 
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3 Boundedness of the radial and the Poisson maximal func- 
tions 

This section is devoted to the boundedness of the radial and the Poisson maximal 
functions from 6p'^{X) to £p'^{X). We start with the notion of the radial maximal 
function. 

Definition 3.1 Let p be an admissible function on X and {Tt}t>o a family of linear 
integral operators on L^{X). Moreover, assume that there exist positive constants C, 7, 
Si, 62, (3 satisfying that for all t G (0, 00) and x, x' , y ^ X with d{x, x') < t/2, 

(3.2) IT,., y) - r,.'. .)| , C,r^-^^^ [^^y (*^)^ 

(3.3) ii_r,(i)(.)i<c(^)*. 

Let {Tt}t>o be as in Definition 3.1. For all / G L\^^{X), the radial maximal function 
r+ is defined by 

r+(/)^sup|Ti(/)|. 

Then we have the following result. 

Theorem 3.1 Let a G (—00, 7/n) n (—00, min{/3/(2n), Si/n, 52/{2n)}], p G (1, 00) and 
p be an admissible function. If {T^j^^o satisfies (3.1) through (3.3), then there exists a 
positive constant C such that for all f G Sp'^{X), T~^{f) G Sp'^{X) and 

||T+(/)||^„,.(^)<C||/||,...(;,). 

Proof. We only consider the case that o; G (0, 'y/n) n (0, min-[/3/(27i), 5\/n, (52/(2?7.)}], 
the proof for a G (— oo,0] is similar but easier. By the homogeneity of || • and 
II • ll^a.p^^p we assume that / G £p'^{X) and ||/||£;«.p(^) = 1- 

Let Vp be as in Remark 2.2 (iv) and B = B{xq, r) G Vp. Observe that T+{f) < HL(/), 
where for all x & X and / G L\^^{X), HL(/) denotes the Hardy-Littlewood maximal 
function of / defined by 

HL(/)(x) = sup-^ / \f{y)W{y). 

Recall that HL is bounded on LP{X) for p G (l,oo]. Therefore T+ is bounded on LP{X) 
for all p G (1, 00]. By this fact together with (2.1), we see that 

(3.4) / [T+{fx2B){x)rd(,{x)< [ \f{x)\Pdf,{x)<\p{B)]'+^P. 
Jb J2B 
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If t G (0,r), then by (3.1), (2.1), the Holder inequahty and 7 > an, we have 



(3.5) |rt(/X(2B)c)(x)| < 



t 



7 



(2B)C Vt{x) + V{x, y) \t + d{x, y) 



\fiy)\dfi{y) 



i=i j=i 

Let t € [r, 00). By (2.2), wc see that for all a G (0, 00), there exists a constant Ca G [1, 00) 
such that for all x, y & X with d{x,y) < ap{x), 



(3.6) 



P{y)/Ca < p{x) < CaP{y). 



Recall that B G Dp, which is equivalent to that r > p{xq). These facts imply that for all 
X & B, p{x) < r. By this together with (3.1), (2.1), the Holder inequality and the facts 
that 7 > an and > an, we have that for all t G [r, 00) and x E B, 



< 



< 



< 



< 



< 



\fiy)\ 



t 



p{x) 



p{x) 



t + p{x) 
p{x) 



(2B)C Vt{x) + V{x, y) \t + d{x, y)j \t + p{x 

— TT / l/(y)|dMy) 

^ V2j-lt[x) Jd{x,y)<2H 

5i 00 / 



dniy) 



t + p{x) 

t + p{x) 
p{x) 



V2J+ 



h{xo) Jd 



^2-^-^[y2.+it(xo)] 



d(i;o,2/)<23+it 



\f{y)?dp{y)^ 



\ 1/p 



5l / ^ \ Q:^ 



[/.(S)]"^2-^(^-"")<[/.(S)]". 



+ p{x 

Combining this and (3.5) yields that for all t G (0, 00), 

(/X(2B)c) {x)\ dn{x) < [m(B)]1+"^ 

which together with (3.4) gives us that 

/ [T+{f){x)rdf^{x)<HB)] 
Jb 

This also implies that T^{f){x) < 00 for p-&.e. x e X. 
It remains to show that for all B = B{xo, r) ^Vp, 



]l+ap 



L 



r+(/)(x)- essinfr+(/) 



dfiix) < [p{B)]'+-P. 



Localized Morrey-Campanato Spaces 



17 



Let h = if- fB)X2B, h = {f- /s)X(2S)C ,Bi = {xeB: T+{f){x) > T+{f){x)} and 
B2 = B\ Bi, where r+(/) = supo<t<4. \Tt{f)\ and r+(/) = supt>4, \Tt{f)\. We have 



T+{f){x)- essmfT+if) 

B 



dfi{x) 



< 



r+(/)(a;)- essinf|r,(/)| 



+ 



Bi L 



dji{x) 



dii{x) 



< 



T+(/)(a;)-essinfT+(/) 

JD 

[[T+{h){x)rdfi{x)+fi{B) snp sup |Ti(/B)(x) - r,(/)(y)|^ 

7s x,y&BO<t<ir 

+ [ [T+{f2){x)Y dii{x)+fx{B) sup sup \Tt{f){x)-Tt{f){y)\P 

Jb x,yeBt>4r 

= El + E2 + E3 + E4. 
By the Holder inequahty, L^'(A')-boundedness of T"*" and (2.1), we have 

Ei< / \f{x)-fB\^d^^{x)<[^^{B)]'+^P. 

J 23 

On the other hand, using (3.1), (2.1), the Holder inequality. Lemma 2.4 (ii) and 7 > an, 
we have that for all t G (0, 4r) and x & B, 

1 



\Tt{f2)ix)\ < . T^/ N , T^/ \ \ 

'{2Bf Vt{x) + V{x, z) \t + d{x, z 

00 



\f{z)-fB\d^^iz) 

~E2~'''t7 — / [I/(^)-/2.+ibI + I/b-/2.+ibMM^) 

^ V2J-ir{x) J23+iB 



This implies that E3 < [//(5)]^+"p. 

Similarly, by applying (3.1), (2.1) and 7 > an, we have that for all x E B, 

(3.7) iTAf-JM.)l<l^r(^y^^^{y^^yim-MM^) 

00 

^ E 2"'^i7 / - /si '^/^l^) ^ [m(5)]"- 



From Lemma 2.4 (i), (3.3), §2 > ctn and f < 4r < p{xo), it follows that for all x e B, 



I/b - r,(/B)(x)| = |/b||i - r,(i)(x)| < [/.(i?)]" 



Ka^o)/ 



< HBT- 
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This together with (3.7) imphes that 

E2<M(i?) sup sup {\Tt{fB){x)-fB\^ + \fB-TrifB){yW + \Tr{fB-f){y)n 
x,yeB0<t<4r 

To estimate E4, we first observe that for all x, y G B, p{x) ~ p{xq) ~ p{y) (see (3.6)). 
By this and (3.2), we have that for all x, y e B and t G [4r, 00), 

\n{l){x)-Tt{l){y)\<(^y. 
On the other hand, it follows from Lemma 2.4 (i) and (2.1) that 

i/B(.o,t)i<(^)""[Mi?)r- 

Then by these facts and an < min{|, we obtain that for all t G [4r, 00), 
|ri(l)(x)-Ti(l)(y)||/B(,„,,)| 



< 



an 



P^''^'^ » [mm{l){x) - r,(l)(y)|t [|r*(l)(x) - 1| + |1 - T,{l){y)p 



r 



On the other hand, by (3.2), (2.1), the Holder inequality, Lemma 2.4 (ii), 7 > an and 

(3 > an, we see that for all x, y & B and t £ [4r, 00), 

l^t (/ - Ibm) (x) -Tt{f- /B(.o,t)) (y)| 

-X(^) v,ix) +V(x, .) (^Tdk^)' - 

~ (7) T/ . W-rW . [l/(^)-/B(xo,2^+it)l + |/B(a;o,t)-/B(a;o,2^+it)|] (^/^(^) 

^f^^ •^<^(^'^)<2-'* 



j=0 

These inequalities above lead to that 

E4 < ii{B) sup sup \Ttif - fBi.o,t)){x) - Ttif - /B(.o,*))(2/)r 

X, y€B t>4r 

+H{B) sup sup[|r,(l)(x)-r*(l)(y)||/B(.„t)|]^<[M5)]^+"^ 

x,y&Bt>Ar 

which completes the proof of Theorem 3.1. 
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Now we consider the boundedness of the Poisson semigroup maximal operator. Let 
{Tt}t>o be a family of linear integral operators on L?{X). We always set 

1 f°° 

^'^7^ Jo 7i^*/(^^^^'" 

For all / G L\^^ (X), define the Poisson semigroup maximal operator P"*" by 

P+(/)^sup|Pi(/)|. 

t>0 

Lemma 3.1 Assume that {Tt}t>o satisfies (3.1) through (3.3) with the same constants 
Si, 62, /?, 7 as there. Then {Pt}t>o also satisfies (3.1) through (3.3) with the constants Si, 
S'2, P' and i, where S'^ G (0, 1) n (0, S-^, (3' e (0, 1) n (0, (3] and 7' e (0, 1) n (0, 7]. 

Proof. For all a, s,t e (0, 00), from the fact that t + a < {1 + s){t/s + a), it follows that 

(3.8) ^/^< (1 + s-i)^. 
^ ^ t/s + a-^ 't + a 

On the other hand, from (2.1), we deduce that for all x, y ^ X and s, i G (0, 00), 

(3.9) Vt,,{x) + V{x, y) ~ p.{B{x, t/s + d{x, y))) 

> (1 + s)-^ii{B{x, t + d{x, y))) - (1 + s)-^[Vt{x) + V{x, y)\. 

By (3.1), (3.8) and (3.9), we see that for ah x,yeX, 

/•oo 

mx,y)\ < J e-^"/%s{x,y)ds 

^ Jo Vt/,{x) + V{x, y) \t/s + d{x, y)j \t/s + p{x) ) 

t vV pi^) 



< z 

^ Vt{x) + V{x,y) yt + d{x,y)J \t + p{x 

X / /^(l + s)"+^i(l + s-^')cZs 

Jo 

< 1 ( t y' /^(x^^ 

Vt{x) + V{x,y)\t + d{x,y)J \t + p{x) 



Now we prove that for all t G (0, 00) and x, x' , y G X with d{x, x') < t/2, 

(3.10, „ - P,(.'. .)l < (%^)' ,,,),V(...) 

Observe that in this case, t + d{x, y) ~ t + d{x' , y) and d[x, x') < t/{2s) if and only if 
s < t/[2d{x, x')]. Then (3.1) and (3.2) together with (3.8) and (3.9) yield that 

\Pt{x, y)-Ptix',y)\ 
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< 



< 



< 



\Tt/s{x, y) - Tt/s{x', y)\ ds 

H/I2d{x,x')] /^(-^^ ^/-)\ /3 



Jo V t/s J + A 



t/[2d{x,x')] 



t/s 



l-t/[2d(x,x')\ ^. 

/ a + sf + 

Jo Jti 

d{x, x' 



.0' 



t/[2d{x,x')\ 



Vt/s{x) + V{x, y) \t/s + d{x, y) 
e-'''l^{l + sY{l + s-^')ds 



ds 



/3' 



t 



< 



d{x, x'] 



/3' 



Vt{x) + V{x, y) \t + d{x, y) 



1 



Vt{x) + V{x, y) \t + d{x, y) 



which implies (3.10). 

On the other hand, by (3.3) and (3.8), we see that for sl\ x & X and t G (0, oo) 

\l-Pt{l){x)\< / e-/^|l-r,/,(l)(x)| ds 
Jo 

-52/4 ( __t/s__ - 
\t/s + p{x) 

\ ^2 /-oo 

J J e-' /^{l + s-''^)ds 



< 



ds 



< 



J + p{x 

This finishes the proof of Lemma 3.1. 



t + p{x] 



Theorem 3.2 Let p he an admissible function and {Tt}t>o satisfy (3.1) through (3.3) 
with the same constants (3, 7, 61, 62 as there and 62, (3' and 7' be positive constants such 
that 6'2 G (0, 1) n (0, S2], 13' G (0, 1) n (0, (3] and 7' G (0, 1) n (0, 7]. Let a G (-00, i /n) n 
(—00, min{/?'/(2n), (5i/n, (52/(2n)}] and p G (1, 00). Then there exists a positive constant 
C such that for all f G S^'^iX), P+(/) G S^'^{X) and 



^^(/)lb-w<^ll/llc- 



Proof. Notice that our assumption on {Tt}t>o and Lemma 3.1 imply that {Pt}t>o satis- 
fies (3.1) through (3.3) with constants 61, 62, 7' and /?'. By this and an argument similar 
to the proof of Theorem 3.1, we can prove Theorem 3.2. We omit the details by the 
similarity. This finishes the proof of Theorem 3.2. 

Remark 3.1 (i) If a > 0, then by Lemma 2.2 (ii), the spaces £p'^{X) in Theorems 3.1 
and 3.2 are exactly the spaces £p'^{X). If a < and X is an RD-space, then by Remark 
2.3 (ii) and the fact that the maximal operators are nonnegative, we know that if the space 
£p'^{X) in Theorems 3.1 and 3.2 is replaced by the space £p'^{X), we obtain the same 
results. 

(ii) Let X be an RD-space and p an admissible function. Assume that there exist 
constants C G (0, 00), ei G (0,1], 62 G (0, 00), S G (0, 1] and 7 G (0, 00), and an 
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(ei,e2)-A0TI {Tt}t>o (see, for example, [12, 32] for the definition of AOTI) with kernels 
{Tt{x,y)}t>o such that for all t G (0, oo) and x, y e X, 

S 1 



< C 



t 



(3.11) Tt{x, y) -Tt{x, y) ^ ^ , (\ \ ^r(\^^r( \ \ + ^ ^( \ 

\t + p{x)J Vt{x) + V{x,y) \t + d{x,y)^ 

If a = and (3.1) through (3.3) were replaced by (3.11), Theorems 3.1 and 3.2 were 
obtained in [32]. We remark that since for all x e X, Tt{l){x) = 1 (see [32]), (3.11) 
implies (3.3) with §2 = S. 

4 Boundedness of the Littlewood-Paley ^-function 

In this section, we consider the boundedness of certain variant of the Littlewood-Paley 
^'-function from £p'^(X) to £p'^{X). The boundedness from BMOp(A:') to BLOp(Af) where 
X is an RD-space of this operator was obtained in [32]. 

Let p be an admissible function on X and {Qt}t>o a family of operators bounded on 
L'^{X) with integral kernels {Qt{x, y)}t>o satisfying that there exist constants C G (0, cx)). 
Si € (0, oo), 52 G (0, 1), P G (0, 1] and 7 G (0, 00) such that for aU t G (0, 00) and 
X, x' , y G X with d{x, x') < |, 

(Q)i \Qt{x, y)\ < C Vt{x)+Vix, y) ( t+dlx, y) V ( t+p{x) '■> 

(Q)ii IQ*(x, y) - Qt{x', y)\ < g(4|g)> V,(,)^V(.,.) (1+^)'^; 
(Q)iii \I;,Qt{x, y)dp{y)\ < C(^)'5^ 

For all / G L\^^ {X) and x e X, define the Littlewood-Paley ^-function by 

/ foo 1/2 

(4.1) \Qt{f)ix)\'j) . 

Lemma 4.1 Let a G (—00, min{7/n, 62/n}), p G (1, 00) and p he an admissible function 
on X . Then there exists a positive constant C such that for all f G Sp'^{X), 
(i) for all X G X and t > 0, 

mf){x)\ < C (j^^y HB{x, i))]"||/||^;.p(^); 
(a) for all X, y E X and t > 2d{x, y), 

C ( ^-^Y (l + P^y [p{B{x, t))]"||/||£«.pm, a > 0; 
\Qtif){x) - Q,if)iy)\ < { ) ; L) * { '""'^ 

(l + log^)[M5(x,t))]-||/||,«,.(;,), a<0. 

Proof. By the homogeneity of || • we may assume that / G £p'^{X) and 

= 1- (Q)i) (4-2), (2.1), J > an and the Holder inequality, we have that for 
all a; G A" and t > p{x), 
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< 



< 



<5i oo - „ 

y2-^> - / 

V2j-it{x) Jd(:e,i 



t + p{x)J V2j-ltix) Jd(x,y)<2H 

pix) 



\fiy)\di^{y) 



f^j j:2-^'HBix,2HW 



< 



/ p{x) 
\t + p{x) 



3=0 

Si 



Let X e X and t < p{x). In this case, t + p{x) ~ Using 7 > an, (Q)i, (2.1), 

Lemma 2.4 (ii) and the Holder inequahty, we have 

\Qt {f - fB(.,t)) 

^ ^2^-14(2;) Jd{x,y)<2H 

< 2"^'' < TT^T-T / - fB{x,2H)\ Mv) + \fB{x,2Jt) " fB{x,t)\ \ 

j=0 [ ^'i^ty^) Jd{x,y)<2H ) 

00 

[fi{B{x, t))]-5^2-^'^max{2^--{""'0>, j + l} < [fi{B{x, t))]". 



< 

On the other hand, from (Q)iii, Lemma 2.4 (i), t < p{x), and the fact 62 > an, we 
deduce that 

t ^ pix) /p(a;)\-^{«".o}^ 



< or 'max|i + iog: 

< HB{x, tw 



t 'V t 



t + p{x)J 
This gives (i). 

To show (ii), by (Q)ii, we see that for all x, y e X and t > 2d{x, y), 

(4.3) mf){x)-Qt{f){y)\ 

P 1 / + \7 



r f d{x,y) y 1 ( ^ \ 

Jx \t + d{x, z)J Vt{x) + V{x, z) \t + d{x, z)) 



\i{z)\dp{z) 



< 



t J j^Q y2J-H{x) Jdix,z)<2H 



\f{z)\dpiz). 



Now we consider the following two cases. Case (i) a E (0, 00). In this case, if t > p{x), 
by 7 > an, the Holder inequality, (4.3) and (2.1), we have 

(4.4) \Qtif){x) - Qt{f){y)\ < (^^^y p^2-^''[n{B{x, 2H)r 
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<('%^Vk5(x, t)r. 



Assume that t < p{x). Let Ni e N such that < p{x) < 2^H. Prom the Holder 

inequaUty and (2.1), it follows that 



(4.5) 



OO 



< 2-i^[n{B{x, 2H))r < HB{x, tW. 

j=Ni 

By the Holder inequality, (2.1) and Lemma 2.4 (i), we see that for all j G {0, 1, • • • , Ni — 1}, 



^1 



y2J-^t{^) Jdix,z)<2H 

This together with 7 > an gives us that 

1 



\f{z)\di,iz)< 



p{x] 



HB{x, t))Y 



Ni-l 

V 2-^'T. , , , 

^ V2.-it(x) 7d(a;,2)<2n 



< 



p{x) 



\piB{x, tW. 



Combining this, (4.3) through (4.5) leads to that for all x, y e X and t > 2d{x,y), 



\Qt{f){x)-Qtif)iy)\<ii + 



p{x) 



[m(5(x, t))r. 



Case (ii) a G (— oo,0]. If t > p{x), then (4.3) yields that 



\QtU){x)-QtU){y)\ 



< 



d{x, y) 



HB{x, t))r. 



Let t < p{x) and Ni be the integer as in Case (i). Then by (4.3), (2.1), Lemma 2.4 (i) 
and the Holder inequality, we have 

mf){x)-Qt{f){y)\ 



< 



< 



< 



d{x, vY 



y)\'\ "f^ ,-:n + log Pfe) ) + f 2-" I [,(B(X, t))l" 



i=o 



d{x, y) 



p{x) 



l + log^V [m(^(^' t))r, 



t J \ t 

which implies (ii) and then completes the proof of Lemma 4.1. 
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Theorem 4.1 Let p G (1, oo), p be an admissible function on X, g as in (4.1) and 

a G (— oo, /3/(3n)] n (— oo, min{7/n, 5i/n, (52/(3n)}). 
If ff(') bounded on L^{X), then there exists a positive constant C such that for all 



1. For all 



Proof. By similarity, we only prove the case when a > 0. Let / G £p {X). By the 

homogeneity of || • and || • ||ga,p^^^, we may assume that 

balls B = B{xo, r) &Vp, we need to prove that 

(4.6) / [5(/)(a;)f dM(^)<[M(5)]i+"^. 

Jb 

For all X G A:", write 

i-Sr If foo jf 

[9{f){x)f = / \Qtif)ix)\'- + / \Qt{fKx)\'- ^ [9i{f){x)f + [g2if){x)f 
By the Z^(A:')-boundedness of g and (2.1), we have 

(4.7) / [gi{fX2B){x)r d^x{x) < [ \f{x)\Pdf.{x)<\p{B)Y 
Jb J2B 



il+ap 



By (Q)i, 7 > an, (2.1) and the Holder inequality, we have that for all a; G -B and t < 8r, 



Qt (/X(2B)c) (a 



< 



< 



t 



{2Bf yt{x) + V{x, y)\t + d{x, y) 

'y OO 



\m\My) 



1 



M(2i+iS) J^j+iB 



\fiy)\dfiiy) 



[/x(S)]°^2-j(^-"") < 
i=i 



[/x(B)]". 



From this, it follows that 



(4.8) ^ [51 (/X(2B)c) (x)]' dM(a:) < ^ ' (^^^ ' | 

Combining (4.7) and (4.8) leads to that 

(4.9) / Mf){x)rdn{x)<[n{B)] 

Jb 



p/2 



HB)]'+-P < It^iB)] 



l+ap 



1+ap 



Applying Lemma 2.1 (ii) and (iii) in [33], we have that for all x, y G A", 



1 > 1 



p{x) ^ p{y) 



1 + 



d{x,y)\ (i+fco) 

p{y) 
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where ko is as in Definition 2.2. By this fact, we obtain that for all x e B and t>8r, 

1^1/ r \ ITW ^ 1 / r \ 

p(a;) p{xo) V p(a;o)/ p(a;o) \p{xo)) 

Prom this, Lemma 4.1 (i) and (2.1), we deduce that for all x e B, 
which together with the assumption that Si > an implies that 



< 



This together with (4.9) gives (4.6). Moreover, it follows from (4.6) that g{f){x) < oo for 
a. e. X £ X . 

Now we assume that B = B{xo, r) ^Vp. Wc need to prove that 

(4.10) ^ \[9U){x)f - essmf [gU)?^''' d/.(x) < [/.(B)]i+"^'. 

To this end, write 

[9{mx)r= iQ*(/)(x)py+ / •••+/ ••• 

Jo ^ JSr JSpixo) 

= [9rif)ix)? + [9r,pixo)if){x)? + [9pi.o},ooif){x)?- 

Then 

^ { b(/)(^)]' - essmf [g{f)fY' d/^ix) 

jj.9r{f){x)Y d^{x) + !^[9r,p(xo)if)ix)? - es|nf [gr,p{xo)if)?^ M 
+ J^^[9p{xo),ooif)ix)f - essinf [3^(3.^)^0^ (Z)]^ I dfi{x) 

[ [gr{f){x)]Pdfi{x) + l,{B) sup \[gr,p(xo){mx)?-[9r,pixo){f){y)]Y^ 

JB x,y€B 

+ll{B) sup |[5p(^o),oo(/)(a;)]'-bp(a.o),oo(/)(y)]T^' = Il+l2+l3- 



< 



X) 
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Write / = (/-/b)x2B + (/-/b)X(2B)C +/b = h + h + fB- By the i7(;f )-boundedness 
of g{-) and (2.1), we have 

(4.11) / [gr{h){x)fd^i{x)< [ \f{x)-fB\Pdi,ix)<[i,iB)]'+"P. 
Jb jib 

Using (Q)i, (2.1), the Holder inequahty. Lemma 2.4 (ii) and 7 > an, we obtain that for 
all a; G -B, 

from which it follows that 

(4.12) Jjgrif2){x)r dt^ix) < [M(i?)]^+"^ (^ly < [/x(i?)] 



l+ap 



Recall that for all x e B, p{x) ~ p{xq) (see (3.6)). By this, (Q)iii and Lemma 2.4 (i), 
we have that for all x G S, 

This together with 82 > San and r < p{xo) implies that 

jMf.m'M^^ < HB)r" (^)°"' (f 'if < imr-'. 

Combining this, (4.11) and (4.12) yields Ii < [/x(B)]i+"*'. 

Since 7 > an, by Lemma 4.1, (2.1) and p{xo) ~ p{x) for all x E B, we have that for 
all X, y E B and t € [8p(xo), 00), 

iQ*(/)(^) - QtifMi < (^^^\n{B{x, t))r < (9''""" HBr, 

and 

IQ.(/)(x)l < [e^f HB(.. tw < (^)*' (^)°° wer. 

By these inequalities and /? > 3an, we see that for all x, y G 5, 
{ [9p{xo), 00 
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< / \Qt{f){x) + Qt{f){y)\\Qt{f)ix)-Qtif){y)\- 

J8p{xo) ^ 



which impUes that I3 < 

By Lemma 4.1 (i), (2.1) and the fact that for all x e B, p{xo) ^ p{x), we have that for 
ah t G [8r, 8p(xo)) and x £ B, 



\Qt{mx)\ < HBix, tw < (^^J HBT- 

Thus the fact that /3 > San implies that for all x, y £ B, 

{[9r,p{x„)if)ix)f - [gr,p{xo)if)iy)?} 

< / \Qt{f){x) + Qt{f)mQt{f)ix) - Qt{f){y)\ - 

r8p{xo) /f\an 

< HBr j^^ mf){x) - Qtifm j. 



+ \fE 



[Qt{x,z) - Qt{y,z)] dn{z) 



Let t £ [8r, 8p(xo)), x, y G B. We write 

\Qt{f){x)-Qt{f)iy)\ 
< f [Qt{x,z)-Qt(.y,z)][f{z)-fB]dfi{z) 
= Hi + H2. 

By (Q)ii, t € [8r, 8/9(xo)), (2.1) and Lemma 2.4 (ii), we see that for all x e B, 

00 



T t"^ 1 f 

E (t + 2'-ir)/^+7^(2.+ii3) ^l^(^) - + 1-^2^+^^ - ^^(^ 

(tT2^rp+^' 



Prom this, we deduce that 



By Lemma 2.4 (i), (Q)iii, P > San, 62 > San and the fact that for all z e B, p{xo) 
p{z), we have that for /x-a. e.x,yE B, 

dt 
H2 — 



j'Sp(Xo) / ^ 
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< 

l8r 



< 



This finishes the proof of Theorem 4.1. 

As a consequence of Theorem 4.1, we have the following conclusion. 

Corollary 4.1 With the assumptions same as in Theorem 4-1, there exists a positive 
constant C such for all f G £p'^{X), g{f) G £p'^{X) and \\g{f)\\g^,p^^^ < C\\f\\£^,P(^x)- 

Proof. Since 

r ^ V2 

< gif) - essinf g{f) < [gif)f - essinf [gif)f 

H I tS 



applying (4.10), we have that for all balls B ^ Vp, 



g{f){x) - essinf 



dn{x) \ 

p/2 



^ { Riyp^ X {f^^^^^"^^^' " essmf d„{x) ) < ||/||,«,.(^). 



i/p 



On the other hand, by (4.6), we obtain that for all balls B € T>p, 
which together with (4.13) completes the proof of Corollary 4.1. 

Remark 4.1 (i) If a = and X is an RD-space, Theorem 4.1 and Corollary 4.1 were 
already obtained in [32]. 

(ii) We point out that Remark 3.1 (i) is also suitable to Theorem 4.1 and Corollary 4.1. 

5 Several applications 

This section is divided into Subsections 5.1 through 5.4. We apply the results ob- 
tained in Sections 3 and 4, respectively, to the Schrodinger operator or the degenerate 
Schrodinger operator on M^, the sub-Laplace Schrodinger operator on Heisenberg groups 
or on connected and simply connected nilpotent Lie groups. 
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5.1 Schrodinger operators on M.^ 

Let d > 3 and W'' be the d-dimensional Euclidean space endowed with the EucUdean 
norm | • | and the Lebesgue measure dx. Denote the Laplacian Yl^=i ^ by A and 

the corresponding heat (Gauss) semigroup {e*^}t>o by {Tt}t>o- Let F be a nonnegative 
locally integrable function on R'^, C = —A + V the Schrodinger operator and {Tt}t>o the 
corresponding semigroup with kernels {Tt{x, y)}t>o- Moreover, for alH > and x, y e M*^, 
set 

,2dTs{x, y) 



Qt{x, y) = t 



ds 



Let q G (d/2, d], V G Bq{R'^, \ ■ \,dx) and p be as in (2.3). Then we have the following 
estimates; see [8, 7, 9]. 

Proposition 5.1 Let q G {d/2,d], P E (0,2 — d/q) and iV G N. Then there exist positive 
constants C and C , where C is independent of N , such that for all t G (0, oo) and x, x', y G 

X with d{x, x') < \/t/2, 

(u) \Ux, y)-T,{x', y)\ < ^^[^1'^^-'^/^ exp{-^}[-|gL_]^[^]^, 

(Hi) \Tt{x, y) - Tt{x, y)\ < exp{-^}; 

and for all t £ (0, oo) and x, x' , y E X with d{x, x') < t/2, 
M mx, y)\ < Ct-^<^M-^^)[j^r[j^r, 
(v) |Q,(x, y) - Q,{x', y)\ <^C[^i^]«t-^ exp{-^}[^]^[^]^, 
(m) IJ^.Qtix, y)d^{y)\ < C[^^?-^/'^[j^r ■ 

Let qi, q2 G {d/2,oo] with qi < q2. Observe that Bq.,{M.'^) C Bq-,(M.'^). Therefore, 
Proposition 5.1 holds for all q G {d/2, oo]. On the other hand, recall that {Tf2}t>o satisfies 
that for all t G (0, oo), Tfi{l) = 1 (see [8, 7]). Thus {rj2}i>o satisfies the assumptions 
(3.1) through (3.3). Moreover, the L^(M'^)-boundedness of ^-function g{-) was obtained in 
[8]. Using this, (iv) and (v) of Proposition 5.1 and the vector- valued Caldcron-Zygmund 
theory (see, for example, [25]), we obtain the LP(]R'^)-boundedness of g{-) for p G (1, oo). 
Then by applying this fact and Proposition 5.1, Theorems 3.1, 3.2, 4.1 and Corollary 4.1, 
we have the following result. 

Proposition 5.2 Let q G {d/2, oo], p G (1, oo), V G Bq{R'^, \ ■ \,dx) and p be as in (2.3). 

(i) If a £ (— oo, 1/d — l/{2q)), then there exists a positive constant C such that for all 
f G S^^^iR''), T+{f), P+{f) G ^;'^(M<^) and 

+ ||P+(/)||^...(j,,)<C||/||^.,P(I,.). 



(a) If a G (— oo, 2/(3d) — l/(3g')), then there exists a positive constant C such that for 
allf€ S^'^iR^), b(/)]2 G ^"'^/'(M^) w^th || b(/)]^ w^^^,) < C\\f\\l. - ^--^ 

g{f) G S^^^iR^) with ||5(/)|1^...(K.) < ' 
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5.2 Degenerate Schrodinger operators on M.^ 

Let d > 3 and W'' be the d-dimensional EucHdean space endowed with the Euchdean 
norm | ■ | and the Lebesgue measure dx. Recall that a nonnegative locally integrable 
function w is said to be an A2 {W') weight in the sense of Muckenhoupt if 

sup I 7^ I w{x)dx\ \ 7-^ I [w{x)]~^ dx\ < 00, 
BcR'i [ Jb J I \B\ Jb J 



where the supremum is taken over all the balls in W^. Observe that if we set w{E) = 
w{x)dx for any measurable set E, then there exist positive constants C, Q and n such 
that for all a; G M*^, A > 1 and r > 0, 

C-^\'^w{B{x, r)) < w{B{x, Ar)) < CX^w{B{x, r)), 

namely, the measure w{x)dx satisfies (2.1). Thus (M'^, | • |, w{x)dx) is a space of homo- 
geneous type. 

Let w G ^2(1^"^) and {ai^j}i<i^j<d be a real symmetric matrix function satisfying that 
for all x,ieW^, 

l<i,j<d 

Then the degenerate elliptic operator jCq is defined by 

Cof{x) = -^j^ di{aij{-)djf){x), 

^<i,j<d 

where x G M"^. Denote by {Tt}t>o = {e~*'^°}t>o the semigroup generated by C^. 

Let y be a nonnegative locally integrable function on w{x) dx. Define the degenerate 
Schrodinger operator hy JC = jCq + V. Then jC generates a semigroup {Tt}t>o = {e~*'^}t>o 
with kernels {Tt{x, y)}t>o- Moreover, for all t G (0, 00) and x, y e W^, set 

Qt{x, y) = t 



ds 



s=t-' 



Let q G {Q/2,Q], V G Bq{W,\ ■ \,w{x)dx) and p be as in (2.3). Then {Tt{-,-)}t>o and 
{Qti-,-)}t>o satisfy Proposition 5.1 with t~'^/'^ replaced by [V^(x)]"\ r'^ by [Vt{x)]-^ 
and d by Q. In fact, the corresponding Proposition 5.1 (i) and (iii) here were given in [8]. 
The proof of the corresponding Proposition 5.1 (ii) here is similar to that of Proposition 
5.1; see [7]. The proofs of the corresponding Proposition 5.1 (iv), (v) and (vi) here are 
similar to that of Proposition 4 of [9] . We omit the details here. 

Recall that {r^2}t>o satisfies that for all t G (0, 00), 7^2(1) = 1; see, for example, 
[13]. Thus {Tf2}t>o satisfies the assumptions (3.1) through (3.3). Moreover, the L^(M'^)- 
boundedness of g{-) can be obtained by the same argument as in Lemma 3 of [8]. Using 
this, (iv) and (v) of Proposition 5.1 and the vector- valued Calderon-Zygmund theory, we 
obtain the i7'(M'^)-boundedness of g{-) for p G (1, 00). Then by applying these facts and 
Theorems 3.1, 3.2, 4.1 and Corollary 4.1, we have the following result. 
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Proposition 5.3 Let w G ^2(M'*), q e (Q/2,oo], p G (1, oo), V G Hg(M'*, | ■ |, w{x)dx) 
and p be as in (2.3) with dji = w{x) dx. 

(i) If a E (— oo, 1/Q — l/{2q)), then there exists a positive constant C such that for all 
f G S^^P{w{x)dx), T+{f), P+{f) G £'^'P{w{x)dx) and 

\\T^U)\\s^'-^{w{x)dx) + \\P^^f)h^'^{w{x)dx) ^ '^\\f\\£^-''{w{x)dx)- 

(a) If a E (— oo, 2/(3(5) ~ 1/(3^')), then there exists a positive constant C such that 
for all f G S^'P{w{x)dx), b(/)]2 G S^p'''^/\w{x) dx) with llb(/)]'ll^a,./2(^(,),,) < 

^\\f\\s'f;-P{w{x)dx}' &£p'^{w{x)dx) with 

\\9if)\\£^''^{w{x)dx) ^ <^\\f\\£^'^{wix)dxy 

5.3 Schrodinger operators on Heisenberg groups 

The (2n + l)-dimensional Heisenberg group H" is a connected and simply connected 
nilpotent Lie group with the underlying manifold M^" x R and the multiplication 

{x, s){y, s) = ^ + y,t + s + 2^[xn+jyj - xjyn+j] 

The homogeneous norm on is defined by \{x, t)\ = {\x\^ + |t|2)V4 fo^ all {x, t) G 
H", which induces a left-invariant metric d{{x, t), {y, s)) = |(— x, —t){y, s)\. Moreover, 
there exists a positive constant C such that \B{{x, t), r)\ = Cr^, where Q = 2n + 2 is 
the homogeneous dimension of and \B{{x, t), r)\ is the Lcbesgue measure of the ball 
B{{x, t), r). The triplet (H", d, dx) is a space of homogeneous type. 

A basis for the Lie algebra of left invariant vector fields on H" is given by 

X2n+i = |, X, = A + 2x„+,|, X„+, = ^-2x,|, j = l,...,n. 

All non-trivial commutators are [Xj, XnJ^j] = — 4X2n+i, j = 1, • • • , n. The sub-Laplacian 
has the form Ah" = X]j=i ^"j- 

Let F be a nonnegative locally integrable function on H". Define the sub-Laplacian 
Schrodinger operator by £ = — Au" + V. Denote by {Tt}t>o = {e~*'^}t>o with kernels 
{Tt{x, y)}t>o and by {Tt}t>o = {e*^""}t>o. Moreover, for aU t G (0,oo) and x,y e M<^, 
set 



Qt{x, y) = t 



2dTs{x, y) 



ds 



s=t^ 



Let V G BgiW\ d, dx) with g G (n + 1, 2n + 2] and p be as in (2.3). Then {Tt{-, •)}t>o 
and {Qt{-,-)}t>o satisfy Proposition 5.1 with d replaced by 2(n -|- 2) and |x — y\ replaced 
by d{x, y); see [21]. 
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Observe that {Tf2}t>o satisfies that for all t G (0, oo), Tf2{l) = 1 (see also [32]). 
Thus {T(2}t>o satisfies the assumptions (3.1) through (3.3). Moreover, the L^(BI™)- 
boundedness of g{-) was obtained in [21]. Using this, (iv) and (v) of Proposition 5.1 
and the vector-valued C alder on- Zygmund theory, we obtain the L^'(EI")-boundedness of 
g{-) for p G (1, oo). Then by applying these facts and Theorems 3.1, 3.2, 4.1 and Corollary 
4.1, we have the following conclusions. 

Proposition 5.4 Let q & {n + l,oo], p € (1, oo), V G Bq(M"-,d,dx) and p be as in (2.3). 

(i) If a £ (— oo, l/(2n + 2) — l/{2q)), then there exists a positive constant C such that 
for all f G ^^'^'(H"), T+{f ), P+{f ) G ^^'^(EI") and 

r+(/)ll£«-(H") + ll^+(/)ll£--(H") < ^^ll/ll£;-(Hn). 



(ii) If a £ {—CO; l/(3n -|- 3) — l/(3g)), then there exists a positive constant C such that 
for allf G S^'m, W)? G ^"'^/'(H") with || [<7(/)]2 < C\\f\\l^„^^^^y 

andgif) G £'^'\W^) with \\g{f)\\s^,.^^^^^ < C||/||£^«,p(h») ' 

5.4 Schrodinger operators on connected and simply connected nilpotent 
Lie groups 

Let G be a connected and simply connected nilpotent Lie group and X = {Xi, • • • , X^} 

left invariant vector fields on G satisfying the Hormandcr condition that {Xi, ■ ■ ■ , X/.} 
together with their commutators of order < m generates the tangent space of G at each 
point of G. Let d be the Carnot-Caratheodory (control) distance on G associated to 
{Xi, • • • , Xk}. Fix a left invariant Haar measure fi on G. Then for all x G G, V^(x) = 
Vr{e); moreover, there exist k, D £ (0, oo) with k < D such that for all x G G, C~^r'^ < 
Vr{x) < Cr'^ when r G (0, 1], and C~^r^ < Vr{x) < Cr^ when r G (l,oo); see [23] and 
[30]. Thus (G, d, //) is a space of homogeneous type. 

The sub-Laplacian is given by Aq = Yl'j=.i^j- Denote by {Ttjoo = {e*^«}t>o the 
semigroup generated by — Aj;. 

Let y be a nonnegative locally integrable function on G. Then the sub-Laplace 
Schrodinger operator C is defined by £ = —Aq + V. The operator C generates a semigroup 
of operators {Tt}t>o = {e~*'^}t>0) whose kernels are denoted by {Tt{x, y)}t>o- Define the 
radial maximal operator by T~^{f){x) = sup^^g |e~*^(/)(a;)| for all x G G. 

Let q > D/2, V G ^^^(G, d, jj) and p be as in (2.3). For ah x, y G G and t G (0,oo), 
define ^ 

Qt{x,y) = t^— Ts{x,y). 
ds s=t^ 

Then {Tt{-, •)}t>o and {Qt{-, ■)}t>o satisfy Proposition 5.1 with replaced by [Vf(x)]~-^, 
by [v^^{x)]-^ and d by L> (see [33, 32]). Observe that {ft2}t>o satisfies that for 

all t G (0, oo), T(2(l) = 1; see, for example, [30]. Thus {T^2}t>o satisfies the assumptions 
(3.1) through (3.3). Moreover, the L^(G)-boundedness of g{-) can be obtained by the 
same argument as in Lemma 3 in [8]. Using this, (iv) and (v) of Proposition 5.4 and 
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the vector-valued Calderon-Zygmund theory, we obtain the i7'(G)-boundedness of g{-) for 
p G (1, oo). Then by applying these facts and Theorems 3.1, 3.2, 4.1 and Corollary 4.1, 
we have the following conclusions. 

Proposition 5.5 Let q G {D/2,oo], p G (1, oo), V G Bq{G, d, fi) and p be as in (2.3). 

(i) If a & {—oo, 1/D — l/{2q)), then there exists a positive constant C such that for all 
f G S^'^{G), T+{f), P+{f) G S^'^iG) and 

(a) If a £ (— oo, 2/{3D) — l/{3q)), then there exists a positive constant C such that for 
all f G S^'P{G), [5(/)]2 G ^"'^/'(G) with ||b(/)]'||g.«,p/2(^) < CWfWl^,,^^^, and 

gif) G S^'P{G) with < C\\f\\£^,r>^G) ■ 
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